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We consider changes of the topological charge of vortices in quantum mechanics, i.e. changes of
the velocity eld circulation. Conservation of the topological charge of vortices is often related to the
Helmholtz-Kelvin theorem known from classical hydrodynamics of non-viscous fluids. We present
analytical examples of creation and annihilation of vortices where assumptions of the theorem are
broken by quantum evolution of a wave function.
PACS: 03.65.-w, 67.40.Vs, 03.75.Fi
Introduction. — Vortices can be found both in clas-
sical and quantum physics. One can encounter vortices,
for instance, in water that spins around or in the air
as a ring of smoke [1]. Quantum mechanics can be for-
mulated in a language of hydrodynamics (see e.g. [2,3]
and references therein). Such a formulation (very use-
ful also in quantum chemistry [2]) provides a basis for
denition of topological defects like vortices [4], whose
features are even more striking than those that we nd
in classical physics. Quantum vortices, however, ap-
pear not only in systems described by linear Schro¨dinger
equation. Indeed, they were experimantally observed
in superfluid HeII [5] and a Bose-Einstein condensate
(BEC) of trapped alkali atoms [6,7] which are typically
described, within the mean-eld approximation, by the
Gross-Pitaevskii equation [8].
In hydrodynamics of ordinary non-viscous fluids, the
circulation of the velocity eld is conserved in time evo-
lution due to the celebrated Helmholtz-Kelvin theorem
(HKT) [9]. This theorem is often employed in quantum
mechanics [3,4,10,11]. Nevertheless, uncritical usage of
the HKT for quantum systems, may lead to the incor-
rect conclusion that stability of vortices and vortex rings
in a Bose-Einstein condensate is fully guaranteed by the
HKT [11]. In the present paper we discuss the basic as-
sumptions of the HKT and show that they can be easily
broken by quantum evolution of a wave function, leading
to changes of the topological charge. This conrms the
recent observation [12] that the topological charge should
not be regarded as a fundamental conserved quantity of
a quantum system.
Hydrodynamical formulation of quantum me-
chanics. — To establish connections between quantum
mechanics and fluid dynamics we write the wave function
in the form Ψ(~r, t) =
√
ρ(~r, t) exp(iχ(~r, t)) [2], (where
ρ(~r, t) stands for density of a probability fluid) and de-





Provided ~v and its partial derivatives are well dened, we
may rewrite the Schro¨dinger equation [with a potential

















+ ~r  (~vρ) = 0. (3)
Equation (3) is an ordinary continuity equation, while
Eq. (2), in the limit of h ! 0, becomes similar to the
dynamical equation of a curl-free non-viscous fluid [9].
In quantum mechanics the wave function has to be
single valued. To ensure this condition one arrives at
the Feynman-Onsanger quantization condition [13] for





~v  d~l = n2pih
m
, (4)
where n = 0,1,2, . . .. Due to the denition (1), we
may not expect n 6= 0 unless at a certain point on a sur-
face encircled by the contour C, ~r ~v becomes singular
(behaves as a Dirac delta function, see for example [5]).
We refer to n as a topological charge since any continuous
deformation of the contour C, which does not incorpo-
rate any other points where curl of the velocity eld does
not vanish, can not change ΓC .
The Helmholtz-Kelvin theorem. — One may ask
whether the circulation ΓC is conserved in time evolu-
tion of the velocity eld. For a xed contour, a possibly
moving vortex may leave an area bounded by the con-
tour and consequently ΓC changes its value. Thus, the
relevant situation we should consider corresponds to the
case where we let an initially dened contour evolve in
time according to the velocity eld.
Parameterizing the initial contour by ξ variable, i.e.
C(t0) = f~r(ξ, t0)g, and employing the equation of mo-
tion of a contour
d
dt















If the contour is drawn through points where the velocity
eld ~v and its partial derivatives are well dened, apply-
ing: Eq. (2), equality (~v  ~r)~v = 12 ~rv2−~v (~r~v), and




ΓC(t) = 0. (7)
Equation (7) establishes the Helmholtz-Kelvin theorem
originally proved for a non-viscous fluid [9].
The HKT is fullled provided the contour C(t) that
goes initially through points where the velocity eld is
well dened will evolve in time through such points only.
In the following we will see that it is not generally true.
Indeed quantum evolution of a wave function, even of a
very simple system, may break this assumption leading
to a change of the topological charge.
The mean eld description of a Bose-Einstein conden-
sate leads to a nonlinear Schro¨dinger equation | the so-
called Gross-Pitaevskii equation [8]. The hydrodynami-
cal formulation of such a problem results in an additional
term (proportional to the density ρ) in the bracket of
Eq. (2) [8]. However, Eq. (7) still holds (provided, as
previously, that a contour C(t) does not go through a
singularity).
Analytical examples. — In Ref. [12] the authors
show the instability of a vortex placed in an anisotropic
two-dimensional harmonic trap. We would like to discuss
the source of violation of the HKT in such an instability.
We will calculate the velocity eld in that system and
analyze changes of its circulation from a point of view of
the HKT.
Consider an anisotropic two-dimensional harmonic os-
cillator with the potential







(where we use the units of the harmonic oscillator corre-
sponding to the x-direction). The initial wave function
is prepared as a superposition of the two lowest excited
states
Ψ(x, y) / (x+ iαy)e−(x2+λy2)/2, (9)
with a real parameter α > 0. Choosing any contour C
that encircles the origin of the coordinate frame we nd
out that the circulation ΓC = 2pi (in harmonic oscillator
units). However, the circulation around that point is not
conserved in time. Indeed, analysis of time evolution of
the velocity eld of the system,
~v(x, y, t) =
α cos(Et)
x2 + y2 α2 + 2αxy sin(Et)
(−y~ex + x~ey),
(10)
(where E = λ− 1 is the energy dierence of the two low-
est excited states) reveals that for Et 2 [0, pi/2), ΓC = 2pi
while for Et 2 (pi/2, pi], ΓC = −2pi.
To discuss applicability of the HKT we have to inves-
tigate time evolution of the initially dened contour. At
any time the velocity (10) is singular at the origin of the
coordinates. Thus, if the contour encircles initially the
origin, it may not stop doing so { otherwise it crosses
the singular point and the integral in Eq. (6) becomes
undened. On the other hand, the evolving contour
will go through a singularity anyway as for Et = pi/2,
the wave function possesses a nodal line x + αy = 0.
For Et = pi/2 − ε (where ε ! 0+) the velocity eld
goes to zero everywhere except on the nodal line where
~v ! 1εx (~ex + α~ey). The HKT can not be, thus, applied
in the considered example because quantum evolution of
the wave function pushes an evolving contour to singular
points and the quantities involved in the theorem become
undened.
FIG. 1. Schematic plot of a nodal line corresponding to a vortex ring (so
line). In last stage of time evolution the ring shrinks to a point and the c
Another example, we would like to comment on, comes
from Ref. [4] where creation and annihilation of a vortex
ring for freely moving particle is presented. Even though
it is not clearly stated in Ref. [4], the HKT is not fullled
in that case. The wave function of a vortex ring [4] (in
dimensionless units) may be written in the form
Ψ(x, y, z, t) / [(x − kt)2 + y2 + z2 − 1
+ i3(z + t)]eikx−ik
2t/2, (11)
where the wave vector ~k = (k, 0, 0) is related to a motion
of the \center of mass" of the vortex ring with a constant
velocity ~k. The vortex ring corresponds to the nodal line
of the wave function and is located at the intersection of
the plane z + t = 0 and sphere (x − kt)2 + y2 + z2 = 1.
At time t = −1, the vortex is born at a point (−k, 0, 1)
and, at time t = 1, it disappears at a point (k, 0,−1).
The radius of the vortex changes in time as
p
1− t2.
Suppose at any time t 2 (−1, 1), we dene a contour
C so that it encircles the vortex (see Fig. 1) and the cir-
culation of the velocity eld corresponds to n = 1. The
evolving contour can not cross the vortex ring without
facing a singularity in the velocity eld. However, the
ring at some moment starts shrinking and at t = 1 it
2
reduces to a point. Consequently, at t = 1, the contour
must go through a singularity of the velocity eld and
the integral (6) and also the HKT become meaningless.
Now we would like to consider example correspond-
ing to a driven two level system. Consider, for sim-
plicity, a two-dimensional H atom initially in the rst
excited state (with angular momentum L = 1) that
is driven resonantly by a circularly polarized electro-
magnetic eld. The eld frequency ω is tuned to
the transition between the rst and second excited en-
ergy states (i.e. ω = E2 − E1, where E1 and E2
stand for the energy of the rst and second excited
states, respectively). Therefore, we may restrict the
description of the system to a two-dimensional Hilbert
space: ψ1(r, ϕ) / r exp(−2r/3) exp(iϕ) and ψ2(r, ϕ) /
r2 exp(−2r/5) exp(i2ϕ), with the Schro¨dinger equation


















where D is a dipole matrix element [14]. The solution
of Eq. (12) reveals Rabi oscillations [14] of the popula-
tions [C1(t) and C2(t)] of the unperturbed atomic states
that correspond to a change of the topological charge of
vortices in the system. For t = 0 there is a vortex with
n = 1 at the center of the coordinates as expected for the
state with angular momentum L = 1 [C1(0) = 1]. When
Dt increases another vortex with n = 1 moves in from
infinity, collides with the rst one (situated at the center
of the coordinates) for Dt = pi/2 and then moves out
to infinity again and so on. In the conguration space,
in the frame rotating with the frequency ω, the radial









while the angular position is: ϕ = −pi/2 forDt 2 (0, pi/2)
and ϕ = pi/2 for Dt 2 (pi/2, pi) | in the laboratory frame
it corresponds to motion along spiral lines. During the
collision, i.e. for Dt = pi/2, a single vortex with n = 2
is formed. In the considered example, the HKT may not
apply if we dene a contour so that it encircles only one
vortex with n = 1. Indeed, such a contour either moves
out to infinity or encounters a singularity in the veloc-
ity eld during a \collision" with the other vortex. It is
interesting to note that the n = 2 topological charge is
possible in an ideal case only when there is no contribu-
tion of the ψ1(r, ϕ) state to the wave function.
Summary and conclusions. — We have analyzed
the applicability of the Helmholtz-Kelvin theorem to the
hydrodynamical formulation of the quantum mechanics.
The velocity eld of the probability fluid is dened as a
gradient of a phase of a quantum wave function. This
implies that nonzero circulation, along a given contour,
may come out in the system if the eld reveals a sin-
gularity at certain points on a surface encircled by the
contour. Adopting the HKT to the quantum liquid may
suggest that such a topological charge of the system can
not change.
However, the HKT may be employed if a given contour
evolves through points where the velocity eld is well de-
ned. This is not generally true in a quantum system
| especially a singularity is necessary for a nonzero cir-
culation. We have presented simple analytical examples
where the quantum evolution of a wave function pushes
a contour to a singular point. Such a process is accompa-
nied by a change of the topological charge that illustrates
instability of vortices.
The main result of this work states that stability of
vortices can not be guaranteed by the Helmholtz-Kelvin
theorem | that theorem may not work even for sim-
ple systems. Therefore the theorem becomes useless in
quantum mechanics.
Mean eld description of a Bose-Einstein condensate of
interacting atoms leads to a nonlinear Schro¨dinger equa-
tion, i.e. the Gross-Pitaevskii equation. We show that
conclusions concerning the HKT that are drawn from
the analysis of linear quantum mechanics remains valid
also for the nonlinear problem. However, introducing the
interaction between atoms can change dynamics of vor-
tices. For example, in a linear problem, circulation of
the velocity eld corresponding to the vortex placed at
the center of an anisotropic harmonic potential reveals
periodic changes of sign [12]. However, appearance of
nonlinearity in the corresponding Schro¨dinger equation
makes the vortex at the center stable [12]. It suggests
that the nonlinear dynamics (not HKT) is responsible
for the stability of the vortex in that example.
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